The relativistic theory of elasticity is reviewed within the spherically symmetric context with a view towards the modeling of star interiors possessing elastic properties such as the ones expected in neutron stars. Emphasis is placed on generality in the main sections of the paper, and the results are then applied to specific examples. Along the way, a few general results for spacetimes admitting isometries are deduced, and their consequences are fully exploited in the case of spherical symmetry relating them next to the the case in which the material content of the spacetime is some elastic material. This paper extends and generalizes the pioneering work by Magli 
Introduction
The interest of a relativistic theory of elasticity is twofold; on the one hand there is its purely theoretical interest, namely that of providing a relativistic extension of a well-known (and very fruitful) classical theory; on the other hand and on theoretical grounds, it is expected that neutron stars possess a solid crust with elastic properties which may help explaining certain observational issues (see [4] for a thorough account of these and other related features). Further, anisotropy in pressures is a phenomenon occurring in many situations of equilibrium which are of interest in astrophysics and whose corresponding dynamics has been thoroughly studied (see for instance [7] and references therein); the assumed point of view however has been an heuristic one, without providing mechanisms explaining how the anisotropy in pressures may arise and using instead ad hoc assumptions. Magli and Kijowski [1] and Magli [3] have shown that in spherical symmetry, the anisotropy in pressures arises quite naturally as the relativistic extension of the classical (non-relativistic) non-isotropic stress in elasticity theory. See also [8] for an excellent study of the static case in spherical symmetry, where existence theorems for regular solutions near the center are proven under rather mild, physically meaningful, hypotheses. Beig and Schmidt [9] have shown that, in general, the field equations for elastic matter can be cast into a firstorder symmetric hyperbolic system and that as a consequence, local-in-time existence and uniqueness theorems may be obtained under various circumstances.
The aim of this paper is to extend and generalize the work presented in [1] and [3] as well as to set up a set of mathematical tools and equations that may facilitate the obtention of exact solutions to Einstein´s Field Equations (EFE) describing the interior of elastic materials and satisfying the Dominant Energy Condition (DEC).
The paper is organized as follows: in the next section we provide a brief account of the theory of relativistic elasticity, much along the lines followed in [1] , [3] and [4] , but we shall also include some comments on the relationship between the isometries in the material space and in the spacetime. Most of the results in that section are well known and could be found in the above references, but we are still including them in order to set up the notation which will be followed in the remainder of the paper as well as for making the present paper more self-contained. Section 3 contains a digression on spherically symmetric spacetimes and the restrictions that such an assumption imposes on the physics in these spacetimes, which we then apply it to the case of elastic materials. In section 4 EFEs are obtained for the general case and some particular cases are commented upon. In section 5 we analyze in detail the case of shearfree solutions, paying special attention to the fulfilment of the dominant enrgy condition as well as to the necessary and sufficient conditions that must be satisfied for an equation of state to be admitted; finally we p resent a few selected examples; these include the analysis of the elasticity difference tensor for the nonstatic case, most along the lines followed in a previous paper by two of the authors [13] .
Relativistic elasticity revisited
Let (M, g) be a spacetime, M then being a 4-dimensional Hausdorff, simply connected manifold of class C 2 at least, and g a Lorentz metric of signature (−, +, +, +). The material space X is a 3-dimensional manifold endowed with a Riemannian metric γ, the material metric; points in X can then be thought of as the particles of which the material is made of. Coordinates in M will be denoted as x a for a = 0, 1, 2, 3, and coordinates in X as y A , A = 1, 2, 3. The material metric γ is not a dynamical quantity of the theory, but it is frozen in the material, and it roughly describes distances between neighboring particles in the relaxed state of the material.
The spacetime configuration of the material is said to be completely specified whenever a submersion ψ : M → X is given; if one chooses coordinate charts in M and X as above, the coordinate representative of ψ is given by three fields
and the physical laws describing the mechanical properties of the material can then be expressed in terms of a hyperbolic second order system of PDE. The differential map ψ * : T p M → T ψ(p) X is then represented in the above charts by the rank 3 matrix
which is sometimes called relativistic deformation gradient. Since ψ * has maximal rank 3, its kernel is spanned at each point by a single timelike vector which we may take as normalized to unity, the resulting vector field, say u = u a ∂ a , satisfies then
the last condition stating that we choose it future oriented; u is called the velocity field of the matter, and in the above picture in which the points in X are material points, it turns out that the spacetime manifold M (or, to be more precise, an open submanifold of it) is then made up by the worldlines of the material particles, whose tangent vector is precisely u.
The material space is said to be in a locally relaxed state at an event p ∈ M if, at p, it holds k ab ≡ (ψ * γ) ab = h ab where h ab = g ab + u a u b . Otherwise, it is said to be strained, and a measurement of the difference between k ab and h ab is the strain, whose definition varies in the literature; thus, it can be defined simply as
We shall follow instead the convention in [3] and use
, and therefore one of its eigenvalues is 1. Definitions using the logarithm of the above tensor 1 also appear in the literature as that allows simple interpretations of the associated algebraic invariants, see e.g. [1] and [8] .
The strain tensor determines the elastic energy stored in an infinitesimal volume element of the material space (or energy per particle), hence that energy will be a scalar function of K ab . This function is called constitutive equation of the material, and its specification amounts to the specification of the material. We shall represent it as v = v(I 1 , I 2 , I 3 ), where I 1 , I 2 , I 3 are any suitably chosen set of scalar invariants 2 associated with and characterizing K ab completely. Following [3] we shall choose
Notice that for K ab = g ab (equivalently k ab = h ab ) the strain tensor S ab is zero, that is: the induced metric on the rest frame of an observer moving with four-velocity u, h, coincides with the material metric γ (its pull-back by ψ) describing the relaxed state of the material; thus it makes sense to have zero elastic energy stored. It is immediate to check from the above expressions that in this case one has I 1 = I 2 = I 3 = 0. The energy density ρ will then be the particle number density ǫ times the constitutive equation, that is
where ǫ 0 is the particle number density as measured in the material space, or rather, with respect to the volume form associated with k ab = (ψ * γ) ab , and ǫ is that with respect to h ab ; see [10] for a proof of the above equation. In some references (e.g. [3] ), the names ρ and ǫ are exchanged and the density measured w.r.t. k ab = (ψ * γ) ab (ǫ 0 in our notation) is then called "density of the relaxed material" (see the above comments on the meaning of γ), whereas that measured w.r.t. h ab is referred to as the "density in the rest frame".
We next turn our attention towards the energy-momentum tensor of an elastic material. Before proceeding, it will be useful to recall that any symmetric, second order covariant tensor field may be decomposed with respect to a timelike unit vector field v, v a v a = −1 as follows:
where
From the definitions of these variables it readily follows
In the case that T ab represents the energy-momentum tensor of some material distribution, ρ, p, P ab , q a are respectively the energy density, isotropic pressure, anisotropic pressure tensor and heat flow that a family of observers moving with four-velocity v would measure at every point in the spacetime.
In the case of elastic matter, it can be seen using the standard variational principle for the Lagrangian density Λ = √ −gρ (see for instance [1] or [4] and the beginning of section 5 for further details) that the energy-momentum takes the form, when decomposed with respect to u, the velocity of the matter:
where all the definitions are the same as the ones given above substituting u for v, i.e.:
h ab T ab and they satisfy h ab u b = 0, P ab u b = g ab P ab = 0; thus in particular one gets q a = 0 and the resulting tensor is of the diagonal Segre type {1, 111} or any of its degeneracies, u being its (unit) timelike eigenvector (see [11] ).
This means that an orthonormal tetrad exists {u a , x a , y a , z a } (with u a u a = −1, x a x a = y a y a = z a z a = +1 and the mixed products zero) with respect to which T ab may be written as
It is interesting to mention that the Dominant Energy Condition (DEC), see for instance [11] , is fulfilled if and only if
3 On symmetries and their consequences on physics
and, from
EFEs it then follows that L ξ T ab = 0 where T denotes the energy-momentum tensor describing the material in the spacetime.
It is easy to show that, if v is a non-degenerate unit (i.e.: v a v a = ǫ with ǫ = ±1) eigenvector of T ab with corresponding eigenvalue λ, then
We next include a short proof of this.
(i) Taking the Lie derivative of T ab v b , with respect to ξ and since we are assuming that
On the other hand,
Equating (9) and (10) and then contracting with v a , yields
Therefore
(ii) Substituting this result into (9) and using (10) one obtains
a and the vector w a ≡ L ξ v a are eigenvectors of T ab associated with the same eigenvalue. Since this is non-degenerate, v and w have to be proportional, i.e. L ξ v a = αv a , for some real value α, however this α must be zero as v is unit and ξ is a KV, indeed
Under the hypothesis that ξ is a Killing vector, and on account of the above considerations the following conditions hold in the case that T ab represents elastic matter and is therefore of the form (5)
The first two are just the specialization of the above comments to the case v = u and λ = ρ. The vanishing of L ξ h ab follows then from the vanishing of the Lie derivative of the metric and that of u a ; notice that L ξ h ab = 0 as well. Next, since p = 1 3 h ab T ab it also follows that its Lie derivative with respect to the KV vanishes as those of T ab and h ab do, and the vanishing of P ab follows then immediately from the expression (5) and the vanishing of the Lie derivatives of all the other terms. Therefore we have shown that matter 4−velocity, pressure, density, anisotropic tensor all stay invariant along the Killing vectors of the space-time, together with the projection tensor h ab = g ab + u a u b . It is interesting to notice that, for a general energy momentum tensor such as (4), and if one assumes that L ξ u a = 0, it also follows that L ξ q a = 0; but in this case that assumption has to be made, as u is no longer an eigenvector of the energy-momentum tensor.
Similar conclusions (although not the same) can be drawn when ξ is a proper homothetic vector field; i.e.: L ξ g ab = 2kg ab , with k = 0; in which case one also has L ξ T ab = 0 but then, for instance, L ξ u a = −ku a and also L ξ ρ = kρ, etc.
In this paper we shall be concerned with the case of elastic materials in spherically symmetric spacetimes. We next explore the consequences that the existence of symmetries has on the material content of a spacetime. Most of the developments following are well known although disperse in the literature, we collect them here for the sake of completeness.
As it is well known, for a spherically symmetric spacetime, coordinates x a = t, r, θ, φ exist (and are non-unique) such that the line element can be written as
with a and b positive and independent of θ and φ. This metric possesses three Killing vectors, namely ξ 1 = − cos φ ∂ θ + cot θ sin φ ∂ φ , ξ 2 = ∂ φ and ξ 3 = − sin φ ∂ θ − cot θ cos φ ∂ φ which generate the 3-dimensional Lie algebra so(3).
To start with, we show that any timelike vector field v that remains invariant along the three Killing vectors is necessarily of the form
Using L ξ 2 v a = 0 for a = 0, 1, 2, 3 we conclude that all the components v a are independent of φ. Then, the expression
for a = 0, 1 gives that v 0 and v 1 are also independent of θ and for a = 2, 3 yields
It should be noticed that it always exists a coordinate transformation taking t, r into
∂ t ′ and the metric (12) reads then Next, for any symmetric, second order tensor P ab , which is traceless, invariant under the three KVs above, and orthogonal to a vector such as v above (i.e.: timelike spherically symmetric), that is:
it follows that P ab is proportional to the shear tensor of v whenever the latter is non-zero, namely:
where θ = v a ;a is the expansion,v a = v a;b v b is the acceleration and round brackets denote symmetrization as usual.
This can be proven easily by making use of the comoving coordinate system referred to above, and imposing the various conditions (i -iii); also, a more general proof is possible in the context of warped spacetimes (of which the spherically symmetric ones are special instances), see [12] .
In the comoving coordinate system above, one can see by direct computation that the shear σ ab is
and therefore this field is shearfree if and only if
in which case it is always possible, by means of an obvious redefinition of the coordinate r, bring the metric to the form
For the class of spacetimes we shall be interested in, namely elastic, spherically symmetric, all the above apply for u (the velocity of matter), as it is indeed the unit timelike eigenvector of T ab given by (5), and P ab the anisotropic pressure tensor since, as discussed previously, it is invariant under the KVs the spacetime possesses and is also traceless and orthogonal to u, therefore we have that, whenever the shear of u is non-zero
where θ = u a ;a andu a = u a;b u b , and λ = λ(t, r) is some function, therefore, for the generic (non shearfree) case, it is always possible to treat, at least formally 3 , the elastic material as a viscous fluid with zero heat flow. This interpretation would indeed break down in the case in which u is shearfree.
Let us now consider in more detail the problem of elasticity in a spherically symmetric spacetime (M,ḡ) with associated material space (X,γ).
The results given in this section generalize those in [3] in the sense that here we consider a non flat material metricγ, while, when referring to quantities and results in [3] , we shall use non-barred quantities (hence the bars on the spacetime metric and the material metric in our notation).
Recalling the notation and results in section 2, we shall demand that the submersion ψ : M −→ X preserves the KVs, that is: ψ * ( ξ A ) = η A are also KVs on X.
This implies that the metricγ is also spherically symmetric and therefore coordinates y A = (y,θ,φ) exist with y = y(t, r),θ = θ andφ = φ, and are such that η A = ξ A are KVs of the metricγ. Thus, the line elements ofḡ andγ may be written as:
Notice that this last expression is completely general, as any 3-dimensional spherically symmetric metric is necessarily conformally flat, as it is immediate to show.
The results in [3] correspond to f (y) = 1, and the relation betweenγ and the flat material metric γ used in [3] is given bȳ
Next, attention should be payed to the canonical definition of the energy-momentum tensor used by [3] :
As shown in [14] , this canonical definition of the energy-momentum tensor coincides with the symmetric definition of the energy-momentum tensor, used by other authors, up to a sign, which is a particular case of the general Belinfante-Rosenfeld theorem [15] , [16] .
Denoting byk the pull-back by ψ of the material metricγ, that is:k = ψ * (γ), one has:k
where a dot indicates a derivative with respect to t and a prime a derivative with respect to r.
The velocity field of the matter, defined by the conditionsū a y A a = 0,ḡ abū aūb = −1 andū 0 > 0, can be expressed as
whereΓ
Therefore the projection tensor is
We will use an orthonormal tetrad and write the metric asḡ ab = −ū aūb +x axb + y aȳb +z azb , such that:
whereΓ is the auxiliary quantity given in (24). Here,ū a is the matter velocity and x a ,ȳ a andz a are spacelike eigenvectors of the pulled-back material metrick a b . From our developments in section 2, it is immediate to see that the pressure tensor has the same eigenvectors ask ab and can be written, for the space-time under consideration asP ab =p 1xaxb +p 2 (ȳ aȳb +z azb ). Therefore, (6) yields
whereρ is the energy density,p 1 , the radial pressure andp 2 , the tangential pressure.
The results in [3] can be easily recovered by setting f (y) = 1 above. Now, much clarity is gained by making use of the comoving coordinates adapted to u, the timelike eigenvector of the energy-momentum tensor, which were introduced in the above section. The form of the metric is given by
u, being then
hence, we have for the material space (M,γ) that coordinates y A = (y,θ,φ) exist with y = y(r),θ = θ andφ = φ, as follows from the condition y A a u a = 0 and the requirement that ψ * ( ξ A ) = η A are KVs of the metricγ.
Further, and since the line element of the material space is
with y = y(r), no generality is lost by setting y = r, as this amounts to a redefinition of the r coordinate in spacetime, and leaves unchanged the form of the metric (27) as well as that of the velocity field of the matter (28). We shall do that in the sequel.
Thus, the pulled-back material metrick (22) is
where a prime indicates a derivative with respect to r, which upon setting y = r as discussed above it simplifies further to:
The operatorK a b =ḡ ack cb −ū aū b , introduced in section 2 and used to measure the state of strain of the material has one eigenvalue equal to 1 (corresponding to the eigenvector u), while the other eigenvalues arē
ands has algebraic multiplicity two.
The three invariants I 1 , I 2 , I 3 ofK introduced in (2) have the following expressions
In [3] , the energy-momentum tensor was calculated from these invariants for a flat material metric. A similar calculation shows that, for the non-flat material metrics under consideration, the same expression holds so that
Therefore, the nonzero components areT 0 0 =ρ,
The rest frame energy per unit volume 4 ,ρ, is defined bȳ
where, as discussed in section 2,v =v(Ī 1 ,Ī 2 ,Ī 3 ) =v(s,η) represents the constitutive equation, ǫ 0 , the density of the relaxed material (density w.r.t the pulled-back material metrick) andǭ
the density calculated in the rest frame (that is, w.r.t. h).
Then, using (31), one can prove the following relations:
Alternatively, one can express the components of the energy-momentum tensor in terms of the eigenvaluess andη by substituting the last results in (33):
The Einstein field equationsḠ 
4 In [3] the quantitiesρ andǭ are ǫ and ρ, respectively.
It is interesting to express the contracted Bianchi identities forT a b in terms ofv and its derivatives w.r.t the quantitiesη ands. Thus, fromT a b;a = 0 one has:
and specifying this equation to b = 0, 1 one gets respectively (for non-stationary solutions):
The remaining equations for b = 2, 3 which can be obtained from (44) are identically satisfied. Equation (45) for non-stationary solutions, implies readilȳ
which can then be substituted into (46) to get a slightly simplified equation.
From this point onwards, we shall drop the bars, as no confusion may arise with the results in [3] .
Shearfree solutions. Examples
In this section we shall consider in detail the case of spacetimes with a material content that may be represented by some elastic material such that the velocity of the matter is shearfree, in which case coordinates exist such that the metric can be written in the form (16) . For this case, the interpretation as a viscous fluid with kinematical viscosity is not possible, and therefore the anisotropy in the pressures must be a consequence of the elastic properties of the material. The study of solutions with non-vanishing shear tensor and their possible interpretations as viscous fluids, will be carried out elsewhere as this would render the present paper too lengthy.
We will study separately the cases of static and non-static solutions, presenting examples of each instance which are regular at the origin, posses an equation of state and satisfy the dominant energy condition (at least in some open submanifold of the spacetime).
Consider the metric (16) which we rewrite here for convenience:
From the field equations it follows that G it follows that G r r can only depend on r as well, which in turn implies that a(t, r) = a 0 (t)a 1 (r), the solution being then static, as a trivial redefinition of the coordinate t coordinate shows.
It is interesting now to see that in the shear-free case, if one sets either η or s equal to 1, so that matter is strained in tangential directions (but not in the radial direction η = 1), or it is strained only in the radial direction (s = 1), from the definition of these quantities it follows that Y = Y (r), and according to the statements in the above paragraph, it follows that the solution must be static, and therefore the results in [8] apply. Thus, we have proven that: if the velocity field of the matter is shear-free and the matter is stressed either in the radial direction only or in the tangential directions only, the spacetime is necessarily static.
Static shearfree solutions
In the static, shear-free case (metric (48) with no dependence on t), the field equations yield
solving (50) for ǫ and substituting it in (51) and (52) one gets two equations which depend only on r and elementary considerations show that for given a(r) and Y (r), functions y(r), f (y) and v can be found so that the two equations are satisfied. It remains to be seen, though, that the DEC are satisfied and therefore the solution is physically acceptable.
The following simple example shows that solutions with these characteristics do indeed exist.
Example 1
Consider the line element
A direct calculation yields
The dominant energy condition (7) implies:
where we put ρ = ǫv, p 1 = −2ǫη 
which is equivalent to
Take, for instance,
one then has ρ = ǫv = 1 8π e −5r 2 (25r 2 + 9),
which is obviously well behaved: satisfies the dominant energy condition and is nonsingular at the origin. Notice that the radial pressure is negative (compressed material) and the tangential pressures are zero at the centre, as one would expect.
The field equations in this case read:
− ǫs ∂v ∂s
and one has that
Now, dividing (65) and (66) through by (64), and setting E ≡ ln η, Σ ≡ ln s, one gets
From the expressions for η and s one has that
hence one can express r as a function of E, and Σ as a function of E as well, thus
from where it follows that
Plugging the expression of E in terms of r into (69) one gets that
whence expressions for η, s and ǫ = ǫ 0 s √ η can be easily derived. 
where F (Σ) must satisfy ∂ ln F ∂Σ = − 25r , and thus we have proven that a solution exists, which is regular at the origin r = 0, satisfies the dominant energy condition and possesses an equation of state which can be given in a closed form.
Non-static shearfree solutions
Assume now thatẎ = 0, so that a(t, r) takes the form (49), substituting this into (48) and redefining the coordinate t so as to absorb the arbitrary function L(t) one has
From G t r = 0 it follows now that Y (r, t) = A(t)B(r), which substituted above, yields, after a trivial redefinition of the coordinate t: 
where the energy density, radial and tangential pressures are ρ = ǫv, p 1 = −2ǫη ∂v ∂η , p 2 = −ǫs ∂v ∂s .
On the other hand, the dominant energy condition, ρ ≥ 0, ρ ± p 1 ≥ 0 and ρ ± p 2 ≥ 0 implies
We next address the question of the existence of an equation of state v = v(η, s) where in this case, η and s are given by (see (30)) η = f 2 (r) A 2 (t)B 2 (r) , s = r 2 f 2 (r) A 2 (t)B 2 (r) .
Dividing (76) and (77) by (75), and defining as before E = ln η, Σ = ln s, we get
In order for an equation of state v = v(η, s) (or equivalently v = v(E, Σ)) to exist, it must be that
Notice that
Now, from the expression (83) and the corresponding one for E and Σ, it follows that r = e 
